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Abstract: 
This study seeks to clarify T. Kuhn’s “theory of scientific revolution” in the application of the 
laws of I. Newton to the theory of the Moon’s motion. It argues that I. Newton’s formulae 
produced at least three approaches. L. Euler provided one by gearing the formula to the 
needs of practical astronomy and developed calculation techniques that could answer all 
practical needs, using the apparatus of differentials and derivatives developed by G. W. 
Leibniz. J. L. Lagrange took Newton’s concept of ‘force’ and developed it into the formalism 
of ‘impulse’ and ‘energy’. Later G. Plana returned to the point where L. Euler had started, but 
he used the law of universal gravitation instead of the 2nd law of Newton in his equations. 
Thus I. Newton’s laws and ideas were developed in totally different directions, none of which 
seemed enough in the 19th century. 
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Thomas Kuhn’s “Theory of Scientific Revolutions” and  
A Possibility to Apply It to Leonard Euler’s “Moon Theory” 
 

Thomas Kuhn’s theory of “Scientific revolutions” provided an influential background to the 
historiography of scientific advances in early modern Europe. Two publications of this author, 
one dedicated to the difficulties of the spread of Copernicus’ heliocentrical theory and the 
other to the structure of scientific revolutions, have created the epistemological foundation 
for discussing progress in science.  

In his first monograph, dedicated to the emergence and spread of Nicolas Copernicus’ 
theory, he sought to explain why it took time up to the middle of the 18th century for the 
evidently correct concept of a heliocentrical system to be accepted universally. As Alexis 
Clairault still operated in his astronomical calculations of the Moon’s motions within the 
framework of geocentric theory, it was only Leonard Euler who started his work with 
heliocentric theory as the foundation of his analysis. T. Kuhn’s explanation considered the 
persistence of Ptolemy’s astronomical system as a result of its observational veracity (Kuhn 
1957).  

In the second monograph, he further developed his ideas, suggesting that critical 
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breakthroughs in science start with academic works that were not commonly accepted by 
the academic community and that were written by individuals whose contribution to 
scholarship was normally contested for a long time (Kuhn 1962). In other words, T. Kuhn 
created a consistent concept that explained why the common representations of how the 
universe functions took so long to be accepted.  

Historians of science have recently asked whether T. Kuhn may be considered a classic 
and whether his heritage is still important as a model theory that can help deploy research in 
this field (Condé 2023, 16). They also asked whether there is still a possibility to put up an 
argument with his vision of the Scientific Revolution (Condé 2023, 17). It has been argued that 
his approach may help researchers advance the history of science from an epistemological 
perspective (Condé 2023, 20). It was suggested that the comparisons of T. Kuhn with Karl 
Popper or the representatives of the “New Sociology of Science” movement in academia are 
largely very superficial since the former sought to find the epistemological basis in 
constructing a philosophy of science (Condé 2023, 21–23).  

This article may specifically be used to add that if the criteria for analysis of advances in 
science are taken with a view towards the actual algorithms of scientists’ exposition of their 
concepts, the theory of T. Kuhn not only needs no apologetical explanation but retains its 
revolutionary character and can help find and formulate the vision of critical breakthroughs 
in the advance of sciences in the 17th and 18th century.  

One may agree with his understanding that in the sciences that address the mechanics 
of the universe, the mainstream accepted concept had become a convenient tradition after 
several centuries of coming into existence and that it had transformed into a religious system 
because it could explain astronomical phenomena in a non-contradictory way. His emphasis 
that it took a considerable amount of time for the breakthrough works, which modern 
scientists hold as basic, to permeate the study of science can also be taken as a working 
model.  

It seems, however, that his concepts were focused too much on Nicholas Copernicus 
and Isaac Newton as key figures of a revolution in physics and astronomy and on the difficult 
path their theories had to tread on their way to universal acceptance. One needs to take into 
account that T. Kuhn focused only on the development, in the general course of the scientific 
revolution, of the principles one may call as “metaphysical”. On the other hand, I argue that 
if the criteria of what constituted an advance in physics and mathematics are defined 
correctly, it becomes clear that T. Kuhn helped create a constructive model for pinpointing 
the crucial breakthroughs that made the scientific revolution. On the other hand, I hope to 
suggest that, from the point of view of physics and mathematics, T. Kuhn’s terminology and 
epistemology need to be updated because he was dealing not so much with the practical 
applications of the physical theory but rather with their metaphysical interpretations. I argue 
that one needs to take into account the expression of these general statements and laws in 
a peculiar mathematical form and the deepening of the philosophical concept of motion in 
light of the challenges posed by the encapsulation of physical phenomena in mathematical 
formulae of developing calculus.  

Thus, to consider the progress in mechanics, one needs to take into account the 
contributions of other scholars in early modern Europe and, therefore, abstain from 
imagining them as passive recipients of new concepts and ideas. It is necessary, instead, to 
investigate the not-so-subtle contributions they had made to modern physics by seeking to 
find non-contradictory mathematical representations of the laws of Newton that would be 
deeply rooted in the metaphysical foundations of mathematics. These “elaborations” and 
“clarifications” were developed with a view to the general principles of science and, I argue, 
were of nearly the same significance because they covered the practical mathematical 
representation of the general principles.  

My purpose in this article is to suggest that the process of acceptance of a new theory 
was more complex than scholars gradually agreeing to a generic representation of the new 
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principle. In particular, I believe it is important to add to the discussion within the framework 
of T. Kuhn’s theory of the scientific revolution of the early modern age, the contributions to 
the development of the laws of I. Newton and J. Kepler which were made by G. W. Leibniz 
and L. Euler by applying the methods of then-developing calculus to the problems of dynamic 
motion and, in the case of the latter, to the theory of lunar motion. 

In fact, it is necessary to pay particular attention to the ways in which these two latter 
scholars contributed to building the philosophical foundation of the bridge that was to bring 
together calculus and dynamics. In particular, one needs to take notice of the fact that the 
development of critical scientific concepts and representations by such scholars as I. Newton, 
whom we now deem as towering above others in their field, had significant input from 
mathematicians like G. W. Leibniz, in the field of calculus, and L. Euler, in the field of 
formulating the “the second law of Newton” by way of practical application of that calculus 
to practical problems of astronomy.  

In other words, the partly triumphal and partly ironic narrative of the discovery of the 
laws of dynamics, created by T. Kuhn, needs to be refocused to include sideline stories of 
equal significance to the general line of development of modern concepts in science. 
Moreover, it may be relevant to note that in the field of scientific discovery, a bifurcation took 
place in a field of science, dividing it into at least several sub-processes. In the following 
discussion, I will investigate how scholars approached I. Newton’s ideas from several angles, 
thus creating their various mathematical representations and apparatuses. 

In this article, I seek to investigate how the development of modern astronomical 
methods in the works of the famous Swiss mathematician and academician of the St. 
Petersburg Academy of Sciences, Leonard Euler (1707–1783), measures up against the theory 
of scientific revolutions, advanced in the works of Thomas Kuhn. I will try to prove that Euler’s 
case was special, and that there is no theoretical explanation for it in the theory of T. Kuhn, 
despite its fundamental nature and heuristic proof.  

Taking into account the new approaches to L. Euler’s works in the field of the theory of 
the motion of the Moon, I will try to show that the work of this scientist fell through the cracks 
of the approach to paradigm shift in science advanced by the abovementioned modern 
scholar. In showing that L. Euler’s works represented an interesting case of balance between 
purely applied and theoretical science, I will suggest that they had every chance of turning 
from novel breakthrough mathematical solutions of the Moon’s motions’ equations to 
paradigmatic shifts (within the framework of T. Kuhn’s theory), if they would not have been 
eclipsed, not by better mathematical theories of the Moon’s motion, but by the 
breakthrough, sound mathematical apparatus of mathematical analysis and differential 
calculus, developed by A.-L. Cauchy and K. T. W. Weierstrass.  

In light of the new developments in the latter fields, the breakthrough equations by 
L. Euler, designed to give the correct positions of the Moon, came to be viewed as partial 
solutions for a limited number of cases rather than a self-sufficient set of methods. It was the 
contribution of L. Euler, who combined knowledge of the basic principles of physics and was 
unrivaled in the field of mathematics (and, accordingly, in the field of developing 
computational methods), that T. Kuhn did not take into account.  

Leonard Euler’s Contribution to the “Scientific Revolution” 

Central to T. Kuhn’s theory is the idea of how an established paradigm is subverted by 
breakthrough works that advance the knowledge in a particular field but that also 
significantly differ in their methods and apparatus from the established theory. Ptolemy’s 
theory was imprecise and approximate from the modern point of view, but it had long kept 
its prestige because it had the traits of a religious system. It was because of these faith-related 
aspects that the heliocentric theory of N. Copernicus could not be accepted for a long time. 
And it took long for the scientific community universally to accept the ideas of I. Newton who 
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used the theory of the former to make a breakthrough in formulating the law of universal 
gravitation and the 3 fundamental laws of dynamics (Kuhn 1957, 1962). However, the 
contribution of Leonard Euler to mathematics, astronomy, and physics has remained outside 
of T. Kuhn’s paradigm. The mathematical advances of Leonard Euler in the field of the Moon’s 
motion have recently received attention from scholars (Verdun 2011, 2013a, 2013b, 2015). This 
is a welcome addition to the works of specialists in the history of mathematics who have 
addressed the importance of his heritage for the history of mathematics (Sandifier 2015, 2007; 
Calinger 2007; Truesdell 1984). This situation in historiography thus allows to put an 
interesting research question: how can one place Leonard Euler’s Moon theories in the 
context of the theory of a scientific revolution and the paradigm shift that were so aptly 
advanced by T. Kuhn? 

The theory of T. Kuhn gets its first verification check if we address Alexis Clairault and 
his “Lunar Theory”. He started his publications by addressing the problem that had faced 
astronomers since Hypparchus, the problem of the Earth’s precession against the fixed stars 
(Clairault 1741; Clairaut 1759). His contribution to the problem of Lunar motion lay in putting 
all astronomical data of the Moon’s motion on the solid foundation of Newton’s law of 
gravitation (Clairault 1745). His achievements were best expressed in the article he had been 
solicited by L. Euler to submit to the Academy of Sciences in St. Petersburg, Russia, the article 
that got the prize in 1752 (Clairault 1752b). One needs to be aware of the fact that Clairault’s 
belief in the geocentric system naturally undermined the mathematical validity of his 
calculations (Clairaut [1754]1759). Thus, Alexis Clairault is an example of a scholar who, 
although accepting a part of I. Newton’s dynamics, did not make the final step to making 
heliocentric theory the foundation of his work. In addition, without using the heliocentric 
theory, T. Mayer made significant contributions to introducing the apsidial precession of the 
Moon as a phenomenon, which was shown to have a significant influence on L. Euler (Mayer 
1750).  

In contrast, L. Euler can be credited with starting all discussions of the Moon’s motion 
only after setting it on a solid foundation of the heliocentric theory. First, let us pay attention 
to the place that the problem of the Moon’s motion occupied in the works of L. Euler. As it 
has been shown by researchers, this scientist’s articles and books on this topic constitute a 
significant part of his legacy (Verdun 2015). If one wants to understand how L. Euler 
developed his Moon theory, he or she needs to consider that he counts 3 treatises to him 
name. The first monograph came out in 1753 as “Theoria motus lunae” (Euler 1753). It 
appeared after an attempt by A. Clairault to apply I. Newton’s law universal gravity to the 
equations of the Moon’s motion emerged as a success (Clairault 1752a, 1752b). He constructed 
the equation for the Moon’s orbit (Clairault 1752b, 57–58). His shortcoming, however, was in 
him believing in the geocentric system.  

So, the book of L. Euler had a significant advantage over his colleague because he put 
in the foundation of his theory the heliocentrical system. It is appropriate, therefore, to 
remember here, the theory of scientific progress of T. Kuhn and mark the year 1753 as the 
turnaround in the acceptance of N. Copernicus’ theory as part of the mechanics’ 
mathematical apparatus and starting point. Therefore, L. Euler needs to be credited as the 
first mathematician who bridged the gap between the theory of universal gravitation and the 
heliocentric theory on the solid foundation of G. W. Leibniz’s calculus. Before his magnum 
opus of 1773, he wrote a critically important article of [1764] 1766, where he critically improved 
the mathematical apparatus for heliocentrical theory in the latter’s application to the motion 
of the Moon.  

He showed that for the Moon to always stay on the line between the Sun and the Earth, 
it had to be 4 times more distant from the Earth than it was (Euler 1766, 1762, 2022). It was 
also a breakthrough in the development of theoretical mechanics because the motion of the 
Moon was considered as a particular case of the three-body problem (Sun-Earth-Moon). This 
work is relatively underappreciated as the synthesis of the heliocentric theory and the theory 
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of universal gravitation, but it must play a key role as a part of telling the story of the scientific 
revolution according to T. Kuhn. The final theory of the of the Moon’s motion came out in 
1773 as “Theoria motuum lunae” (Euler 1772). This work came out as the peak of L. Euler’s 
genius, because he furthered the heliocentric theory by considering the motion of the Moon 
in three planes against the position of the Earth: The Moon’s orbit nodal plane against the 
plane of the ecliptic, the Moon’s apsidal motion plane, and the Moon’s orbit precession plane. 
In these works, Euler’s earlier articles were taken account of (Euler 1750, 1746). Let us notice 
that L. Eulers took the commanding height in providing the mathematical background to the 
N. Copernicus’ and I. Newton’s theories and his works may be considered the final point of 
the acceptance of their theories by the academic community.  

This suggests that astronomical problems, and particularly the Moon theory, were 
central to his research interests. To understand both practical and philosophical contribution 
of G. W. Leibniz and L. Euler to the problems of dynamics and of lunar motion, one needs to 
consider several important aspects of their works on calculus (in the case of the former) and 
on the motion of the Moon (in the case of the latter). In this paper, I propose to analyze 
passages from one calculus-related manuscript of G. W. Leibniz and one of L. Euler’s lesser 
known works, in which they laid the foundation for appropriately bridging the gap between 
calculus and dynamics in creating the theory of the Moon’s motion from a general foundation 
of mechanics, the 2nd law of Newton (Euler [1747]1749). In the case of the latter, I intend to 
look at this work as an example of how the synthesis of mathematics and mechanics made it 
possible for L. Euler to construct a consistent exposition of mechanics with the help of a 
logically clear principles of calculus. I will show that critically important for understanding how 
the 2nd Law of Newton was formulated were the notions of differential and derivative that 
had been earlier developed by G. W. Leibniz and used in practice of astronomy by L. Euler.  

Let us note the form in which he wrote the 2nd Law of I. Newton (Euler [1747]1749, 
103).  

 
ௗௗ௫

ௗ௧మ =
ிೣ

ெ
; ௗௗ௬

ௗ௧మ =
ி೤

ெ
; ௗௗ௭

ௗ௧మ =
ி೥

ெ
  

 
This mathematical expression was a significant step ahead of the metaphysical verbal 

formulation of the law by I. Newton himself: “Mutationem motus proportionalem esse si vi 
motrici impressae...” (Newton 1686, 12).  

Having transformed these expressions into the spherical coordinates, L. Euler reached 
two following equations: (Euler [1747]1749, 110–111):  

 
I. 2𝑑𝑟𝛷. +𝑟𝑑𝑑𝛷 = 0      (1) 

II. 𝑑𝑑𝑟 − 𝑟𝑑𝛷ଶ =
ఈ௔య

௥మ 𝑑𝜔ଶ     (2) 

These two expressions were a step ahead of those found in the works of A. Clairault:  

𝑟𝑑𝑣ଶ − 𝑑𝑑𝑟 = ቀ
ெ

௥మାః
ቁ 𝑑𝑥ଶ(Clairault 1752a, 437).   (3) 

Let us note that there is no temporal member in the first equation, while it is present in 
the second equation only as a representation of the objectively present in the perceptions 
rotation of the Earth. We may, therefore, reject the critical assessment of L. Euler’s Moon 
theories by F. Tisserand, who held the presence of the temporal member as the main 
shortcoming of the Swiss mathematician’s approach (Tisserand 1894, 87–88).  

In both equations, we may find a mathematical form of the 2nd Law of J. Kepler: the 
variation of the square, which is delineated by the lines representing the motion of the 
celestial body at equal amounts of time, is the same. In other words, a key achievement of 
L. Euler in this case was using the calculus of G. W. Leibniz to deduce the equations of the 
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motion of the Moon from the 2nd Law of I. Newton and from the 2nd Law of J. Kepler. 
 

G. W. Leibniz, L. Euler, and the Metaphysics of Calculus 
as Applied to I. Newton’s 2nd Law 
 
To understand how much philosophical complexity L. Euler put when applying the calculus of 
G. W. Leibniz to the 2nd Law of I. Newton, one needs to look at the former’s formulation: 
ௗௗ௫

ௗ௧మ =
ி

ெ
. This was not the traditional 𝐹 = 𝑚𝑎 representation that is now firmly associated 

with Newton’s 2nd law. By looking at just this one very small fragment from the work of 
L. Euler, one may argue that the general principles Newton had put forth in his Laws, the laws 
of dynamics, never became the point of contention among scholars. In fact, they were 
universally accepted, which is easily visible if one undertakes to transform the expressions 
into the now-conventional form. The difference here was in their format since L. Euler, as a 
practicing astronomer, needed a different formulation of the same principle so that he would 
be able to deploy them in further investigations correctly.  

This interpretation of the key concept of physics, like speed and acceleration needs to 
be considered as a philosophical breakthrough of G. W. Leibniz and L. Euler, as the discussion 
had turned away from whether these laws are correct to the problem of their mathematical 
representation. The starting point for the discussion became the representation of speed as 
the first derivative of the coordinate function and therefore, of how one can calculate speed 
and acceleration. It is important to know that Isaac Newton’s own formulation of such 
concepts as speed as the first derivative and of the acceleration as the first derivative of speed 
in the Principia were made in verbal form much as those of Aristotle and his multiple 
commentators and followers over 2000 years, including Galileo. They later came to be 
developed as the concept “fluxions” in the works of C. Maclaurin (Maclaurin 1801, 166–202). 
Although this representation of motion was correct in terms of physics, the problem emerged 
with mathematically formalizing the representation of acceleration that had only been 
expressed in verbal form in the Principia.  

There emerged, as it has been argued, a controversy between I. Newton and 
G. W. Leibniz about the priority in the formulation of the principles and formulae denoting 
differentials and derivatives, which were to represent the velocity and acceleration (as the 
first and the second derivatives). The latter’s last years were, as scholars argue, “embittered 
by a long controversy” between himself, J. Keill and I. Newton about the priority in 
“inventing” calculus (Grattan-Guinness 1997, 247). This conflict took an extraordinary amount 
of attention in the academic circles of the late 17th century and exacted a heavy toll on 
G. W. Leibniz, whose contribution to the problem was long questioned after the first spates 
of disagreements.  

However, the fact that the manuscript of G. W. Leibniz was known to I. Newton makes 
modern scholars downplay the acrimony of intellectual conflict and reduce it to flashes of 
hearsay in the context of academic rivalry. C. Maclaurin developed Newton’s “dotted” 
representation of speed and acceleration as derivatives in his “theory of fluxions”. However, 
one of the philosophical problems that emerged out of their expositions was the problem of 
conceptualizing differential and derivative. The arguments of I. Newton himself and of 
C. Maclaurin was made on the presumption that the increments of the physical coordinate of 
a moving body or of its speed were finite ones (Maclaurin 1801, 8, §502). Both were also 
flouting the idea that acceleration or retardation could be expressed by infinitesimals, but 
neither of them put forth any formulae to relate their principle (Maclaurin 1801, 2, §495).  

Discussing “fluxions”, C. Maclaurin constructed a consistent theory, which had as its 
shortcoming its special terminology that did not aid in understanding his achievement. Thus, 
using the term “fluxion” mostly to denote what modern scholars call “derivative”, and the 
term “difference” to describe the modern “differential”, he sometimes gave explanations 
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without formulae that did not allow for the reader easily to distinguish between the two 
concepts (Maclaurin 1801, 166–202). The idea that infinitesimally small variation in the 
parameters of motion could be discarded was constructive in principle (after all, it became 
the presumption for constructing the Euler-Maclaurin formula), but largely inadequate in the 
detail of mathematical notation (Maclaurin 1801, 2, §495). From a modern perspective, these 
vague statements of infinitesimals can be viewed as confusing.  

It was G. W. Leibniz who is now usually credited with developing in his manuscripts and 
published works the modern notation for differential and derivative that lie in the foundation 
of modern dynamics and of the laws of I. Newton and J. Kepler. Scientists have gotten 

accustomed to ௗ௫

ௗ௧
 for the first derivative and ௗ

మ௫

ௗ௧మ for the 2nd derivative, i.e., for accelleration 
and so on. Let us note that these simple formulae were much better at conveying the 2nd 
Law of Newton than his own or C. Maclaurin’s expositions. These two scholars’ 
representations presumed that distance, speed, and acceleration were measured only as the 
function of time. G. W. Leibniz’s notation reminded us about that, which was very important 
for practical astronomical tasks.  

The problems of describing physical laws in formulae were of much more profound 
nature since they required new mathematical conceptualization of such complex ideas as 
velocity and acceleration. Ever since Zeno came up with his “Aporiae”, the concept of velocity 
and of how to calculate the path of the moving body needed complex philosophical 
apparatus to be understood. G. W. Leibniz contributed to finding a philosophical foundation 
to the problem of the finite motion, raising the question of dealing with infinity, the problem 
that had earlier been addressed by Gregoire de Saint-Vincent and Marin Mersenne (Gregoire 
de Saint-Vincent 1647; Mersenne 1644b, 1644c, 1644a; Nachtomy 2014; Knobloch 2018; 
Jesseph 2015; Levey 2015). The case with the acceleration was even more difficult. Scholars 
of the 17th and 18th centuries had to formulate their ideas of differentiating the functions 
representing motion before the analysis of the infinitisimally small values was developed in 
its present form in the fundamental textbook by A. Cauchy (Cauchy 1899, 19).  

But G. W. Leibniz’s way of creating a mathematical representation of basic physical 
laws was both a breakthrough and simultaneously fraught with danger of becoming 
imprecise and approximate because it was wrong to interpret both 𝑑ଶ𝑥 and 𝑑𝑡ଶ as simply the 
squares of the respective variables. Unlike 𝑑𝑥, the expressions 𝑑ଶ𝑡 and 𝑑𝑡ଶ were not implied 
to be “differentials”, as modern mathematicians and physicists know so well. But they could 
harken back to the expositions of I. Newton and C. Maclaurin. In a sense, therefore, 
G. W. Leibniz seemed wanting to maintain continuity with these two scholars’ and their 
followers’ concepts. But it was key to understand 𝑑ଶ𝑥 and 𝑑𝑡ଶ as the the result of two 
successful differentiations. The difference between understanding them as symbolic 
representation of two differentiations and as squares of differentiation lies in the 
fundamental distinction between the infinitesimally small increment in the value of the 
variable and its finite increment. The problems of formulating the fundamental laws of 
physics had a mirror reflection in the difficulties of developing the adequate mathematical 
notation.  

His critical advance over I. Newton and C. Maclaurin was in clearly illuminating what 
was the parameter under investigation and what was it a function of. Moreover, his notation 
allowed to avoid uncertainties common to C. Maclaurin’s text in distinguishing the 
“difference” of the fluxion from the “difference” of the “difference” of the fluxion. The 

formula ௗ
మ௫

ௗ௧మ  helped to visualize the latter in a much better way.  
It is necessary to take into account that before the breakthroughs of C. Weierstrass and 

A. Cauchy in the field of mathematical analysis, mathematicians employed different concepts 

of the differential and derivative that are in use today. For them ௗ௬

ௗ௫
 and ௗమ௬

ௗ௫మ were not just a 
representation of a derivative, but an actual result of division of differentials (Cajori 1929, 
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204). Later, 𝑑𝑥 came to be considered to be independent of 𝑥 itself and became to be treated 
as a simple factor in multiplication (Smirnov 1951a, 123). This understanding did not come to 
mathematicians immediately, however, since A. Cauchy, in the 1820s, still paid no attention to 
this fact, even though he approached the theme of parametric functions very closely (Cauchy 
1820, 22–26). Remarkably, the key aspect of a mathematician’s skill was to keep in mind that 
this formula made sense only if 𝑥 was a variable, independent of 𝑦. But the formula for the 
first derivative ௗ௬

ௗ௫
 could be used even if 𝑥 was not an independent variable (Smirnov 1951a, 

172). The first derivative was the ratio of an infinitesimal change in 𝑦 relative to the 
infinitesimal change in 𝑥. In other words, by making such a formula, Euler specifically hinted 
that 𝑡, time, in his case, was an independent variable, a variable that was not related to the 
motion of a body. Interestingly, this was a clear mathematical rendering of the First law of 
Newton, that postulated independent time as the basic parameter of the universe. The search 
for infinitesimally small values and their representations led Euler and Cauchy to operate with 
entities like 1 −

ଵ

ଵା௫
 (Cauchy 1821, 442).  

These studies focused on the ways in which the basic principles of dynamics were 
formulated in the context of the competition between Newton, Leibniz and other scholars 
who followed them. One needs to pay attention to the fact, however, that the competition 
needs not be looked for in the general formulations of the laws of physics and their 
mathematical representations, but also in their specific practical uses. Thus, it is necessary to 
take special attention when addressing the formula for calculating the motion of the Moon 
in Euler’s work no. Enestrom 112 (Euler [1747]1749). It is remarkable that to represent the 
acceleration, the second derivative of the coordinate, Euler chose to write 𝑑𝑑𝑥, and not 𝑑ଶ𝑥. 
This showed that he was well aware of the problem that G. W. Leibniz had encountered: 
multiplication of differentials led only to power functions of an increasing power, which had 
a philosophical inconvenience of the 𝑛 − 𝑡ℎ derivative becoming ଵ

௡
, which brought back the 

ghost of Zeno’s “Aporia”. One may remember in this context, that the formula for the 2nd 
derivative proposed by G. W. Leibniz, the formula, which is most commonly used now, looks 

in a different way: ௗ
మ௫

ௗ௧మ.  
The key element of Leibniz’s representation of the derivative may have been construed 

as taking the second differential (or, in other words, the differential of the differential), as if 
it were a square of the first differential. His manuscript makes us think that was a possibility 
for him. As a mathematician, G. W. Leibniz certainly understood that this representation was 
true only within the framework of certain conditions. But the formula may have reminded 
those using it of the key computational practice lying under the calculation of differentials 
and derivatives: the (desired) approximation of any function by polynomials. Nevertheless, 
the level of the development of mathematics in its relationship to the problems of physics 
and dynamics in particular was such that the understanding of motion was still being 
developed and even the best mathematicians needed approximations to capture and 
conceptualize the key physics’ concepts in their relationship to mathematics. This 

representation (ௗమ௫

ௗ௧మ), even though scholars understood its symbolic character as just a type 
of «notation», made mathematicians conceptualize the second derivative as something they 
had already been well accustomed with. His notation became especially critical for the 
formulation of the laws of motion that had, in addition to their metaphysical value, the 
practical purpose of explaining the motion of the Moon and thus were seminal for calendric 
and navigational purposes.  

The development of Leonard Euler’ variational calculus has been studied in several 
important articles (Fraser 1989, 1994, 2003). Euler’s importance for development of analytical 
mechanics in the context of the “mathematization” of dynamics was investigated in the 
number of works (Panza 1992, 2002). His role in the development of the calculus of the 
infinitesimally small was studied in several works (Panza 2003, 2005). The framework of the 
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development of the principle of the “least action” of Maupertuis has received its attention in 
a number of studies (Panza 1995). The problem of the motion of the body in the field of 
central forces was addressed by using the example of Johann Bernoulli, but not Leonard Euler 
(Guicciardini 1995). But I seek to prove that L. Euler’s work E112 not only shows that by 1750s 
Leibniz’s concept of derivatives took precedence over the dotted “fluxions” of I. Newton and 
C. Maclaurin, but suggests the Swiss mathematician’s significant advance in developing the 
mathematical apparatus for the second law of Newton (Euler [1747]1749).  

It was L. Euler, I argue, who constructed a clear understanding of the difference 
between an increment, a differential, and a derivative. In fact, I suggest that his role as a 
mathematical “purist” needs to be addressed within the concept of the “Scientific 
revolution”, by T. Kuhn. I also propose that this treatise needs to be elevated in importance 
to become one of the key works in the history of the mathematical formulation of the 2nd 
law of Newton. By the time of J. Euler, the difference between the differential and derivative 
hat taken hold, since he, as a practicing astronomer, needed clear algorithms which he would 
deploy in his calculations.  

But what philosophical foundations were required to make a philosophically sound 
concept of speed and acceleration as the first and second derivative? The manuscripts of 
G. W. Leibniz illustrate that to overcome the “aporiae” of Zeno, he had to construct 
important concepts that are, speaking in modern terms, related to integrability of a function 
and that came to constitute the philosophical foundation of dynamics, in general. In 
particular, one of the questions he posed was that of finding a function that would become 
itself if differentiated (Leibniz, n.d.). This kind of problem originated in an attempt to measure 
speed if the acceleration was known, or to measure distance if the speed was known. In the 
more general terms, this problem originated in seeking to find the distance that an 
accelerating body would pass in a given amount of time. These kinds of problems emerged 
from ballistics in the first place, and only partially, from astronomy. This was necessary to 
describe falling bodies or, in a more practical sense, to determine and calculate paths of 
bullets and shells. In other words, he was looking for a way to construct the conditions for 
the exponential function that was later developed in the works of L. Euler.  

However, a paradoxical situation has arisen in the formulae of the mathematical theory 
of the Moon’s motion. It has been argued, for example, that Euler was the key scholar in 
developing the principles pronounced by I. Newton into the formula 𝐹 = 𝑚𝑎  that was key to 
unravel the complex laws of motion for the general public (Truesdell 1984, p. 317; Sitko and 
da Silva 2021). Thus, it was L. Euler who brought I. Newton’s 2nd law into the form in which it 
is now known, F = ma (Sitko and da Silva 2021, 160; Sitko 2019b, 2019a). Interestingly, while 
this formula has now gained a common place in the textbooks, L. Euler did not consider it in 
its present form as a workable model for the start of practical calculations. Instead, he strove 
to use the parameters that could be obtained by a practical astronomer and that could be 
employed by those who had studied Ptolemy’s methods of using arcs to quantify the 
movement of the celestial bodies. One needs do keep in mind that the formula of the 2nd law 
of Newton in its common format F = ma is not quite useful for astronomers and many 
physicists, since this representation shadowed the important principles that served as a 
foundation for understanding the motions of physical bodies. For one, this formula implied 
that with the known mass and acceleration one can calculate the ‘force’, the entity, the 
meaning of which may have been imprecise and the value of which might not have had a 
critically meaningful value in the 17th and 18th centuries. Secondly, one may notice that in this 
representation of the formula the force is ultimately dependent on the time coordinate. It 
may suffice for lab experiments, but in the case of celestial bodies and of the law of universal 
gravitation the force is dependent on the masses and on the distance between bodies. On 
the one hand, contrary to Euler’s suggestion, J. L. Lagrange turned I. Newton’s F = ma formula 
into a different canonical form because he took the latter’s ‘force’ as a starting point in his 
discussions and coined it into the equation Pdp + Qdq + Rdr = 0 for the motionless state (1st 
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law of I. Newton). This suggested that he was already working with the formalism of modern 
‘impulse’ (p =mv) and ‘energy’ (E = mv² / 2) parameters (Lagrange, 1811, 28). At the same time, 
F = ma was more ambiguous in this regard because it shifted the attention of scholars from 
the acceleration, whether it was constant or variable, to the need to calculate the force, which 
was not envisioned as a function of time.   

But this new formalism was only useful on the theoretical level and could not help much 
to process astronomical measurements. But there was a strong group among the 
astronomers like Alexis Clairault who considered the Sun as rotating around the Earth ca. 1752 
(Clairault 1752b). Despite the success of the works of J. L. Lagrange, L. Euler’s approach was 
still better suited for the practical needs of astronomy. The formula of Leonard Euler took the 
force of gravitation and the mass, a set of unknown parameters, out of the group of 
measurable values and made it into a parameter F/m, or, in the cartesian coordinates, X/m, 
Y/m, and Z/m (a vector of force divided by the mass). What was left was acceleration, which 
astronomers could measure directly with their equipment. Moreover, the way Euler 
presented this formula may have also reminded astronomers that the dependence of a 
celestial body’s coordinate in the sky on time may have been secondary as the gravitational 
interaction underlay all time coordinates. In other words, in the case of the conjunction of 
planets or of Jupiter or Saturn being near Earth the periodic motions of the Moon would 
become perturbed and thus would not be a function of time per se. Leonard Euler knew that 
and he included the perturbation of the Earth by the Moon in his articles. This meant that one 
needed to construct a mathematical model better.  

This is why in the 19th century P. S. Laplace specifically proposed a competition 
question to define the motion of the Moon based solely on Newton’s law of gravitation, 
which was won by Giovanni Plana and Francesco Carlini ca. 1832. Unlike L. Euler, who had used 
the formula for the 2nd law of I. Newton in his form, G. Plana used Newton’s law of universal 
gravitation as his starting point in the form d²X / dt² = M x / r³ + Mʹ xʹ / rʹ³, the same equation 
being written out for each coordinate. Let us notice that it is a combination of the 2nd law of 
Newton and his law of universal gravitation. To account for the fact of the acceleration being 
itself a function of time, his teachers like Laplace and he himself employed the idea of a 
perturbation, thus reducing the variable part of the acceleration to a small value. Thus 
Giovanni Plana later wrote: “The general method by which we will directly determine the 
three coordinates of the Moon is more suitable to make known the terms which depend on 
the higher powers of the disturbing force” (Plana, 1832, 189).2 While this practice temporarily 
worked for the calculations to achieve a then-required degree of precision, it did not solve 
the conceptual problem of how to account for the fact that gravitation may be a function of 
parameters other than time. Giovanni Plana wrote his equations for the motion of the Sun ca. 
1832 in such a way that showed him as taking the Earth as the only point of reference. So, he 
followed Euler’s approach in E112 to a maximum, but he did not seem to be employing the 
apparatus of three-plane reference coordinates in the lattes 1772 book Theoria motuum lunae. 
Thus, the example of Giovanni Plana suggested that the formulation of the second law of I. 
Netwon by Leonard Euler was geared towards the use of heliocentric system and of the Earth-
Moon system as being mutually perturbed.  

Thus, in the context of T. Kuhn’s approach to scientific revolutions, the situation with 
the paradigm shift in astronomy looks like the work of at least two great minds, the second 
of which complemented the initial philosophical turnaround with strict mathematical 
expressions. But in the tradition of teaching physics, I. Newton has an advantage over L. Euler, 
although it was the latter who developed his second law into a formula that is widely 
remembered in the education system. The probable reason was that the most popular edition 

 
2 “La méthode générale par laquelle nous déterminerons directement les trois coordonnées de la Lune 
est plus propre à faire connaítre les termes qui dépendent des puissances supériores de la force 
perturbatrice” (Plana 1832, 189). 
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of Newton’s Principia, the so-called “Geneva” one (also known as “Jesuit”, 1707) became so 
popular for the next century after its first publication, that most scholars in Europe learned 

about Newton’s laws from studying it. It was this textbook that made Newton’s verbal 
formulations and explanations understandable to the reading public (Sitko and da Silva 2021, 
165). It is also likely that the reading public did not pay attention to Euler’s works in this field 
because Lagrange’s treatise “Analytical Mechanics” did not address his achievements (Sitko 
and da Silva 2021, 167). Thus, it seems that the innovative work of L. Euler, both in the field of 
astronomy and the mathematical axiomatics of Newton’s second law and Kepler’s second 
law, which provided the opportunity for significant advances in the astronomy of the 
movement of the Moon, were not fully appreciated in the 18th-19th centuries. They are 
sometimes assessed inaccurately even by those modern researchers who well understand 
the internal logic of T. Kuhn’s system of ideas. The relevance of our research lies in the fact 
that we want to point out the primacy of L. Euler precisely in mathematical axiomatics in 
developing the theory of the motion of the Moon and his attempt to link together, within the 
framework of one logically developing sequence of formulae, Newton’s second law, Kepler’s 
second law, the principle of least action, as well as the concept of “angular momentum”, 
which was still being formed at that time. 

  

Leonard Euler and the “Secular Remainder” 
 
Thus, unlike C. Weierstrass and A. Cauchy, L. Euler transformed the 𝐹 = 𝑚𝑎 and its fluxion 
representation into a formula that presupposed integration. Moreover, using the idea of 
G. W. Leibniz, that the power function or the reverse power function may help in finding the 
successful differentials, he effectively proposed that integration of the differential of the 
visible path of a celestial body may be calculated as a series of reverse power functions. 
Further development of representations of functions by infinite periodic series by such 
mathematicians as C. Maclaurin, L. Euler, and J. Stirling had an interesting history, in the 
details of which one may notice the main problem that L. Euler had in mind, the problem of 
the periodic motion of the Moon and of a possibility to represent it with a function without 
any secular members. The expansion of a function into an infinite series that was advanced 
by J. Stirling and L. Euler at about the same time had as its peculiar possibility to express the 
function as a periodic series of the variation 𝑑𝑥 with ever-increasing period of 𝑑𝑥 plus an 
additional member (Whittaker and Watson 1920, 7.2.1, 127–128; Korn and Korn 1961, 4.8-10; 
1968, 134, 4.8-10; 2000, 125, 4.8-10). In relationship to the Moon’s motion, it meant that the 
latter could be represented as an interposition of time-independent fixed periods (cycles, for 
example, those of 19 and 95 years) plus a secular remainder that could be reduced to a very 
small value. In the more general case, the formula looked in the following way:  

Let us note this secular remainder in the last section (line) of the formula. The first two 
members depend only on the products of the 𝜔, the displacement of the main measured 
coordinate in the form 𝜔 = (𝑧 − 𝑎), where 𝑧 is a given value and 𝑎 is the original 
displacement. In terms of a Fourier transform, these two members represent the “frequency 
domain” of the displacement. In other words, these are time-independent characteristics of 
the cyclical motion of celestial bodies and of the Earth itself as they are visible to the 
observers. In a sense, this series expansion by Euler and Stirling was a foreshadowing of the 
Fourier series, since the displacements and their products in the former served like a set of 
harmonics in the non-secular members of the equation. The secular member and its reduction 
to very small relative values were the key advancement made by Euler and Stirling in the 
calculations of the Moon’s motion. In the simpler modern notation, this secular member looks 
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in the following way.  
 

𝑅௣ = (−1)(௣ାଵ)∫  ௠
௡ 𝑓(௣)(𝑡)

௉೛(௧)

௣!
𝑑  

This was the foundation of L. Euler’s “philosophy” of calculating the parameters of the 
Moon’s orbit and it allowed to move the precession parameters and the discrepancies 
between the civic solar calendar and astronomic lunisolar calendar away into a separate 
equation member. This remainder was philosophically sound from the standpoint of physics 
and convenient in terms of mathematics. A better methodology of calculating this remainder 
was further conceived by L. Euler and formalized by B. Riemann in the dzeta-function 
(Riemann 1859).  

The difficulty of imagining motion to be represented by the mathematical identities 
that had a series of periodic members (represented by a series of a power function) and a 
part that could not be formalized as such bore down on mathematicians. The meaning of the 
extra member (𝑅) in the Maclaurin series expansion formula was long misunderstood only as 
“error”. For example, one may find such definition in the classical textbook of the Russian 
mathematician V. I. Smirnov, who must have been brought up on the approach to calculus of 
A. Cauchy (Smirnov 1951b, IV.2.128, 309). This scholar, being a “pure mathematician”, 
obviously did not see the applied task of calculating the periods of the motion of the Moon 
behind the formula of Maclaurin and did not mention L. Euler in conjunction with it.  
 
Conclusion:  
Leonard Euler’s Heritage in the Light of Thomas Kuhn’s Theory 

 
The state of historiography has now achieved its peak in using T. Kuhn’s model of the 
development of the scientific paradigm. Thus, although the accent on the exact participation 
of scholars in the mathematical formulation of key physical laws have been slightly changed, 
the major framework remained the same.  

Here, I would like to suggest that apart from the question of priority, a much more 
important problem in the history of early modern physics arose. The direction the discussion 
went lay in conceptualizing, in the basic terms of Ancient Greek mathematics, the background 
to philosophical principles of physics. It is in this aspect that we can propose an important 
addition to T. Kuhn’s concept. After the principles (which at first looked more like educated 
guesses) had been set, contemporary scholars were required to find ways to deploy formulae 
to describe actual physical or astronomical processes. Once the formulae were deployed, it 
was equally important to find physical meaning behind these formulae and at each step of 
their transformations, as well as the mensurability of the parameters employed in them. This 
set of problems deserves more attention than they have received among the historians of 
science. The controversy between the I. Newton’s and G. W. Leibniz’s “camps” allows better 
investigation along this path of inquiry.  

In the more general context, the above considerations let me propose an important 
addition to the theory of scientific revolution of T. Kuhn. I. Newton’s formulae produced at 
least three approaches. L. Euler provided one by gearing the formula to the needs of practical 
astronomy that implied the Earth-Moon system on its orbit around the Sun as a starting point 
of reference. He developed calculation techniques that could answer all practical needs. 
However, his approach, although correct in the basic physical principles, was not accepted by 
mathematicians who criticized it for the lack of a universal analytical formula and for being a 
set of partial solutions. J. L. Lagrange took Newton’s concept of ‘force’ and developed it into 
the formalism of ‘impulse’ and ‘energy’, which had little use for practical astronomy before 
the breakthroughs of C. G. J. Jacobi and his Jacobian were used in the 20th century to explain 
the computerized data.  Later G. Plana returned to the point where L. Euler had started, but 
he used the law of universal gravitation instead of the 2nd law of Newton. Because of that he 
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ended up with the formulae with the third power of spatial coordinate in the divider, the 
formulae which do not allow for an easy solution. Let us thus note that I. Newton’s ideas were 
developed in totally different directions, none of which seemed enough in the 19th century. I 
make a specific emphasis on the fact that the formulation of the 2nd Law of Newton and of 
his law of universal gravitation did not cause a doubt or a disagreement with his general idea. 
But since his second law was formulated in a verbal format, it prompted for an appearance of 
a series of attempts by mathematicians to construct an ideal mathematical representation 
that would conform to the stringent requirements of differential and integral calculus. In 
other words, the theory produced several longstanding traditions of interpreting I. Newton’s 
words as the principle underlying a complex mathematical apparatus. I thus seek to make a 
clarification to T. Kuhn’s theory of the “scientific revolution.” It seems that the universal 
principle that many scholars had accepted at once, was developed in the process of forming 
a mathematically sound theory of the Moon’s motion into several mathematical apparatuses, 
each with its own set of basic assumptions about key physical notions, measurable 
parameters and variables. 
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